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An equivalent Poiseuille’s Law is derived for a homogeneous isotropic turbulent field.
The derivation is based on an analogy between momentum transfer and heat and mass
transfer, three coefficients being used to characterize the exchange process: (1) the molec-
ular viscosity u, (2) an intensity parameter to characterize the magnitude of the turbulent

velocity fluctuations ¢?, and (3) a scale parameter to characterize the scale of the turbu-

lence 7.

Poiseulle’s Law describes the velocity
profile or the pressure gradient of a fluid
in laminar flow in a pipe far from the
entry. The law relates the velocity field
to the pressure gradient through a
transfer coefficient, the molecular vis-
cosity. For a Newtonian fluid the viscosity
is a property of the fluid alone and not
of the flow.

In a pipe flow the fluid exerts a drag
or shear stress at the wall; since force is
the time rate of change of momentum,
this shear stress constitutes a flux of
momentum to the wall with units of
momentum per unit time per unit area.
The velocity gradient in the fluid con-
stitutes a gradient of momentum pU,
with units of momentum per unit
volume. Fully developed laminar flow
in a pipe may be viewed as a transfer
process in which momentum flows to the
wall as a result of the momentum gradient
in the fluid. The kinctic theory of gases
pictures the transfer process as occurring
from the mixing of fluid elements of
different velocities through the random
motion of the molecules.

Fully developed turbulent flow in a
pipe can also be looked upon as a transfer
process in the manner described above.
However, the mixing of fluid elements
oceurs by the random convective motions
of the turbulence as well as by the
molecular movements; the transfer proc-
ess should be related to the properties
of the turbulence as well as molecular
. properties. A thcoretical description of
turbulent transport will depend on the
definition of the parameters which
characterize the turbulence, just as the
molecular velocity and molecular mean-
free-path characterize molecular trans-
port. In reecent years considerable progress
has been made in the description of
turbulence. However, only limited success
has been experienced in applying these
descriptions to the problem of turbulent
transport. Velocity-profile and pressure-
drop data for fully developed turbulent
flow in a pipe have not been predicted in
terms of parameters deseribing the
turbulence. Instead the data have been
correlated empirically.
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Three notable contributions which
attempt to relate turbulent transport to
properties of the turbulence arc the
concept of the Reynolds stress; the
mixing-length theories of Prandtl, Kar-
man, and Taylor; and the statistical
description of point source diffusion by
Taylor.

Reynolds showed that the shear stress
in turbulent pipe flow may be described
by the following equation:

S = —puv 6))]

The difficulty in applying this to a descrip-
tion of the velocity profile is that one
cannot predict how up varies throughout
the flow field.

The mixing-length theorics depend on
the definition of a mixing length ! and

a turbulent intensity »*, analogous to the
mean-free-path and molecular velocity
defined for molecular motion. The appli-
cation of these theories depends upon the
relation of the mixing length to the
velocity gradient.

Taylor described the turbulent mixing
from a point source of material in terms

of the turbulent intensity »* and a time

scale 7:

r= [ ea @)

1] v

Taylor’s theory is the most successful
attempt at a description of the turbulent
mixing process. It suffers from the
limitation that it was derived for a
turbulence which is homogeneous, while
most actual turbulent fields are not
homogeneous. Nevertheless, it supplies
a basis for looking at actual situations
where turbulent transport is occurring
and for examining the effect of the non-
homogencities on the transport process.
One of the authors (5) has applied the
Taylor description of turbulent mixing
to the case of heat transfer from a hot
planc wall to a cold plane wall through a
turbulent air strcam. The calculated
temperature profiles approximated ex-
perimental measurements. It was shown
that the increase in the resistance to
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heat transfer in the vicinity of the wall
could be explained to a large degree, by

‘the time dependency of the diffusion

process rather than by a change in the
flow characteristics. This time depend-
ency arises since the distance scale of the
turbulence is of the same magnitude as
the size of the container. An increased
resistance to heat transfer in this case
arises sinecc molecules in the viecinity of
the wall that have exchanged heat with
the wall are in the field a shorter length
of time than those in the center of the
channel.

If it is assumed that momentum
diffuses in the same manner as heat and
mess in a turbulent field, then Taylor’s
theory of point-source diffusion can be
applied to the description of the velocity
field for fully developed pipe flow. The
velocity field will be caleulated as a
function of the shear stress at the wall
or the pressure gradient. The parameters
entering into the calculation are the
molecular viscosity u, the turbulence
intensity +, and the time scale T.

Since the turbulence in pipe flow is non-
homogeneous the description presented
in this paper might be considered a first
approximation to a Poiseuille’s Law for
turbulent flow.

CONTRIBUTION OF TURBULENCE
TO THE TRANSPORT PROCESS

Taylor (7) in 1935 described the
spread of material from a point source in
terms of the variation of mean square

displacement of the particles X* with
time. He showed that for a homogeneous
isotropic field

dx’

dt 3)

- 2?[ B._,. dt

Experiments have indicated that the
Lagrangian correlation coeflicient, R,_,.,
can be approximated by

R,_,, = exp {:M'_)} 4)

T
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where

r = fm R, di 3)

Equation (3) becomes

dX: =
T, = 27

[1 — exp {—(t —T t’)}] (6

For molecular diffusion the rate of change
of X? with time is constant,

dx?
o =2D @)

Turbulent diffusion however is time
dependent in that dX*/dt is a function

of time. The parameters »* and 7 may
be obtained from measurements of the
concentration profiles at different dis-
tances downstream from a point source
of material in a flow stream (4), which
may consist of a small tube from which
a foreign substance is injected into the
stream. From these data the variation of
X? with time is obtained, and »* and
can be calculated from Equation (6).

Measurements have shown that the
distribution function describing X* may
be approximated by the Gaussian error
curve. For such a case it can be shown
(8, 1) that diffusion from an infinitesimal
source can be described by the differential
equation.

- =8V’C ®

where

1
B=35"u ®)

The use of Equation (8) allows statistical

information on the variation of X* with
time to be translated into information
on the concentration distribution. It is
also more convenient than a purely
statistical approach for treating problems
where the infinitesimal source or sink
is not a point. In this paper a sink will
be considered which ¢consists of an
infinitesimal ring around the inside
diameter of a pipe.

Equation (8) is valid only for the
description of the behavior of an infini-
tesimal source or sink. However, an
actual case involving turbulent transport
can be described in terms of a distribution
of sources or sinks. Thus heat transfer
from a hot to a cold wall through a
turbulent fluid can be viewed as consisting
of a series of heat sources along the hot
wall and a series of heat sinks along the
cold wall. The temperature field can
be calculated as the sum of the contri-
butions from all these sources and sinks

).
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CONTRIBUTION OF MOLECULAR TRANSPORT

The derivation of Taylor applied only
to turbulent diffusion and did not con-
sider the role of molecular diffusion in
the over-all transport process. Molecular
diffusion can contribute to the transport
process in two ways: (1) It can act as a
mechanism for diffusion in addition to
the turbulent transport. This will increase
the total ftramsport rate. (2) It can
decrease the effective scale = for turbulent
diffusion. This arises since material
which is moving in an eddy will tend to
escape from the eddy because of molecular
diffusion. No experimental data are
available to indicate the magnitude of
this effect. For the case considered in
this paper it is probably not too great.
It will be assumed that the effect of
molecular diffusion upon turbulent trans-
port can be approximated by altering the
value of r appearing in Equation (6).
The total transport due to molecular and
turbulent diffusion can then be repre-
sented by the following equation:

ax? —
T = 2D 4+ 2°7,

- e8]

7, = time scale corrected for the effect
of molecular diffusion.
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MODEL FOR DESCRIBING FULLY
DEVELOPED PIPE FLOW

A description of the velocity field
occurring in fully developed pipe flow
will be carried out by assuming that
momentum diffuses in a manner anal-
ogous to the diffusion of mass and heat.
The statement of the analogy is the
assumption that the behavior of an
infinitesimal source or sink of momentum
can be described by the following equa-
tion:

(U

M0 _gviny  an
where
_1dX* _u o
8 > di p+v'r¢

[1-en{-47)] 0o

In order to apply this analogy to the
calculation of the velocity field for fully
developed turbulent flow the model
outlined in the introduction to this paper
will be used to describe the momentum
transfer process. The validity of the
model is independent of the mechanism
assumed for the transfer process. Its
accuracy will depend on the accuracy
with which the transfer process can be

FULLY DEVELOPED
FLOW FIELD

UNIFORM VELOCITY

FIELD

Fig. 1. Model to express analogy for fully developed pipe flow.
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Fig. 2. Differential volume in flow field.

described. Therefore, for laminar flow
the model should result in a derivation
of Poiseuille’s Law.

Figure 1 depicts the phenomenon that
is occurring. Since the final flow field is
independent of the entry conditions, any
convenient entry flow profile may be
assumed as long as momentum is con-
served. The fluid is assumed to have a
uniform flow at the pipe entry. The
pressure gradient is assumed constant.
The exchange of momentum with the
wall may be calculated by writing force
balance over an increment of pipe length.
It is a constant and is given by the
equation

>

Y4
> (13)

So=

(SRR
B>

Owing to this exchange of momentum
with the wall with the wall momentum
(pU) gradients are set up in the fluid.
The initial velocity changes after the
fluid enters the pipe. Experiments show
that far enough along the pipe the shape
of the velocity profile ceases to change.
A steady state is reached in which there
is no further change in the flow field and
yet there is a constant exchange of
momentum with the wall. In order for
this to be possible there must be a
creation of momentum in the fluid equal
to that transferred to the wall. By
writing 2 momentum balance around an
element of fluid (Figure 2) one can show
that, if the shear stress is constant at
the wall, the momentum produced per
unit volume is constant.

momentum
transferred

= 2nrS dz

Momentum created =

momentum created _ 2778 dz
unit volume wr? dz

-2
_'I.'

For fully developed pipe flow,

‘§ = é == constant
r a
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Fig. 3. Time-dependent turbulent diffusion.

In this development, therefore, it is
assumed that

momentum created _ 28,
unit volume

(14)

The model then consists of fluid
flowing into a pipe with a uniform
velocity. Upon flowing past the wall it
exchanges momentum with the wall and
velocity gradients are set up in the fluid.
The wall constitutes a sink of momentum
a negative amount of
momentum —pU may be visualized as
diffusing away from the wall. There is a
production of momentum within the fluid
equal to that transferred to the wall. A
small element of fluid within the field
may be considered as a region in which
momentum is created and into which
‘“negative” amounts of momentum are
diffusing from sinks along the wall.
Eventually a steady state is realized and
the velocity profile undergoes no further

- change. A fully developed flow is attained.

The model as presented contains no
assumptions regarding the mode of
transfer. Four examples will be explored:
(1) molecular transfer (2) molecular
transfer 4 turbulent transfer with no
time dependency (3) turbulent transfer
with time dependency, (4) molecular
transfer + turbulent transfer with time
dependency.

In the consideration of these different
modes of transfer the problem will be
reduced to one of considering a two-
dimensional flow field of circular cross
section. There will be a sink of momentum
around the periphery and a continuous
production within the fluid. The distri-
bution of momentum within the field
will be calculated as a function of time.

The behavior of an instantaneous
infinitesimal source of negative momen-
tum at the periphery is described as a
solution to Equation (11) for the bound-
ary conditions:
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at t=0 pU=0
at ¢t =1t instantaneous sink of
r = ¢ momentum = — 8, dt’
at 1>t d(U) -0
r=a  9r

The solution is similar to that given by
Carslaw and Jaeger (2) for a constant
diffusivity:

28, di’
st = ="
- —as? t—t’ J (aar)
K-ty J o\OT)
g ¢ Jﬂ(asa) (15)
Kit—1t) = gdt
‘1dX°
=/, 5 di dt (16)

The quantity o, is the root of J/(a,a) = 0.
Equation (15) describes the following
situation. At time ¢’ a finite amount of
negative momentum is emitted into the
field at » = a. At all other times there is
no transfer of momentum at r = a.
Momentum diffuses about the field
without escaping from it.

Since there is a continuous diffusion of
momentum from the wall, the contribu-
tion of all sinks from time = 0 to time = ¢
would be the integral of the foregoing
expression.

__['28
U = fo o

- —ay?K(t-t") Jo(oz,'r) ’
2, ¢ Toferua) %

The momentum created between r and
r + dr during this interval is

_ 28 ,,
pU—fDadt
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Fig. 4. Molecular diffusion by time-dependent turbulent diffusion.

The velocity field may be represented by
the sum of Equations (17) and (18)
except for an additive constant.

U+ o= [ Bogy— ['25

= a,? J (a T)
a2 K(t—t') 0\&ks 7
e di 19
> Tola) 19
For the condition of fully developed flow
the integral is evaluated for ¢ = o,
Since for s = 0, @, = 0,
U X 02 U — f 2_80
o PQ
Z g TRt Jo(a ) de’ (20)

s=1 ']0( )

Since at r = a, U = 0,

__.2_'82/. Z e—a.’K(t—t') dt’ (21>
s=1

The function K(¢ — ¢') will depend on
the description of the transfer process.
The four possibilities that have been
outlined will now be considered.

CASE |: MOLECULAR EXCHANGE

If the transfer of momentum occurs
only by molecular exchange, the quantity
8 is constant and equal to the kinematic
viscosity, u/p:

Kit—t) = %(t —t) (22
If this is substituted into Equation (20)
and if the integration is carried out, the
following expression results for the
velocity field:

U+Cz= 2802

=1 MO,

1 Jolar)

* Jola a) @3)
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2Su
= P

8=1 ﬂaa

(24)

Equation (23) describes a parabola. This
can be demonstrated as follows:

Since
ol -]

Equation (23) can be expressed in dimen~
sionless form as

_ 28
>

”‘a s=1 al

=1 [, _Jo(a,r)]
_Q —_ s2=:1 a,” [1 Jo(c,@) (26)
a8 Sy
8=1 aaz Jo(aaa)
The equation for a parabola is
U r\
G- e

To show that these two expressions are
equal one may expand Equation (27) as a
series of Bessel functions as described in
Wylie (8).

- (2) ~ Ao+ f; AT o) (28)

As defined previously, ¢, is a root of the
equation

Jo'(aa) = —Ji(a.a) =0 (29)

The constants 4, can be evaluated from

“the orthogonality property

f ’ rdolar)J olanr) dr

2
= %J ola) n=s

=0 n s (30)

Both sides of Equation (28) are multiplied
by rJo(a,r) dr and integrated. Since
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f rdoa) dr =0 (31)
0
f“fJ(ar) dr = 2 Jaa) (32
0 aZ 0 3 a32 0 38
the constant A, becomes
4
4. = T a0 T o(a.0) 33)

and the series representation of 1 — (r/a)?
is

- ;aazazJO( aa) (34)
Atr=aq
0= Ado— > 2. (35
0 g a,20,2
PR (36)
o r a,2a2
Atr=20
= A, — i-——4—— 37
0 a=1 aazazJO(ala)

1f Equation (37) is divided into Equation
(34) and if Equation (36) is substituted
fOI‘ Ao,

= (5)2

i 4J (e

— &=1 Oy af g=1 2 ZJo(a,a)
= 1 - 1
.; «’a .,Z; o, a’J o(e,a)

%o [1 jf(fg]

=4[ -]

The right-hand side of Equation (38) is
identical with the right-hand side of
Equation (26). The expression derived
on the basis of the model used to describe
fully developed pipe flow yields the same
result as the integration of the Navier
Stokes equation for the case where
momentum is transported only by molec-
ular exchange. The model is a valid one.
Other modes of momentum transport
may now be investigated with it.

(38)

CASE 11: MOLECULAR EXCHANGE -+ TIME-
INDEPENDENT TURBULENT EXCHANGE

Quite often the participation of tur-
bulence in the transfer process is taken
into account by the assumption that the
transfer coefficient is described as the
sum of a molecular diffusivity and eddy
diffusivity, e.
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ﬂ=f+e (39)

This is not an accurate representation of
turbulent diffusion since it does mnot
account for the length of time the diffus-
ing material has been in the field. It is an
empirical approach to the problem; the
eddy diffusivity, in general, will vary in
an unknown manner throughout the
field. The effect of the presence of tur-
bulence is to increase 8 markedly over
that for molecular exchange only. If e
were constant, the velocity field is
described by Equation (23) with x + pe
substituted for u. The profile again would
be a parabola. However, for a given
pressure gradient or So/a the magnitude
of the velocities would be much smaller.

CASE 11i: TIME-DEPENDENT TURBULENT
EXCHANGE

The method used by Taylor to describe
the time dependency of turbulent diffu-
sion has been outlined in the beginning
of the article. If the turbulent-exchange
process is described in this manner and
if the contribution of molecular diffusion
is neglected,

8 = Ff[l — exp {— (t = t)}] (40)

Kit—t) =07t — ¢) — o'

+ %% exp {— <t_—_’_tl>} (41)

This may be substituted into Equation
(20) to evaluate U + C,. The resulting
expression is plotted in Figure (3) by
use of values of r and »® that were ob-
tained from point-source diffusion meas-
urements. It goes to minus infinity at
r = a, therefore it is not possible to
evaluate the constant of integration. In
the immediate vicinity of the wall the
resistance to the transport of material
away from the wall by turbulent diffusion
is very large. Right at the wall the rate
of transfer is zero. This can be seen by
examining Equation (40). For (t— ") = 0,
B8 = 0. In the vicinity of the wall molec-
ular exchange becomes important. It
cannot be neglected.

CASE [V: TIME-DEPENDENT TURBULENT
EXCHANGE + MOLECULAR EXCHANGE

If the contribution of molecular ex-
change is considered along with a time-
dependent turbulent diffusion, 8 and
K(t — t') are given by the following two
equations:

B="E4,
P

[-en (59}
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Kt — ) = v*r,(t — ) — ¥°7;°
22 _ it =
+ v°7,” exp { ( . )}

+La—

(43)

It is seen that at the wall 8 does not
vanish, The incorporation of the contri-
bution of molecular exchange gets around
the difficulty of a velocity of minus
infinity at the wall. Equation (20) is
plotted in Figure 4 by use of the fore-
going expression for K{¢t — ). Values
of »* and 7, used in the calculations were
taken from measurements of turbulent
diffusion of hydrogen in air at s Reynolds
number of 30,000. The measurements
were not too dccurate; no attempt was
made to correct them for molecular
exchange. Recent measurements in this
laboratory have indicated values of 7

and »* of 0.0044 sec. and 200 sq. in./sec.?
Velocity measurements of Nikuradse (6)
are plotted on the same graph. The
agreement is within the errors involved

in the selection of #* and r,.

On the same graph a calculated velocity
profile using a value of u/p tenfold
greater than that of air is presented.
It can be seen that Equation (20) is
sensitive to the value of u/p used. How-
ever, as pointed out in an earlier part of
this paper; the curve for u/p = 0.24
8q. in./sec. may not represent the effect of
a change of the molecular viscosity upon
the velocity profile. This arises from the
fact that the scale represented the
turbulent exchange will decrease with an
increase in the molecular transport
properties and from the fact that the
Reynolds number will change.

CONCLUSIONS

The model used to establish an analogy
between momentum transfer and heat
and mass transfer is valid, This was
shown by the fact that the wvelocity
profile caleulated for laminar flow agreed
with Poiseuille’s Law. The mathematical
formulation of the model for g turbulent
field depends on the assumptions:

1. Diffusion from an infinitesimal
source can be described by Equation (11).

2. There is an analogy between mo-
mentum transfer and heat and mass
transfer in that 8 for momentum transfer
can be obtained from point-source
diffusion measurements.

3. The role of turbulence in effecting
the transport of momentum may be
described- by employing a homogenous
field.

The expression for the velocity profile
depends upon the description of transfer
process. A transport of momentum by
means of time-dependent turbulent diffu-
sion and molecular diffusion describes the
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velocity field within the approximations
employed in the derivation of Equation
(42) to represent the transport process
and within the accuracy of the experi-
mental parameters used in the caleulation.

NOTATION

a = radius of the pipe

C,, C» = constants

C = concentration

D = molecular diffusion coefficient

Jo(x) = Bessel function of first kind of
order zero

P = pressure

R = Lagrangian correlation coeffi-
cient = v, /v*

r = radial distance

Re = Reynolds number

) = shear stress at r

Se = shear stress at the wall

i = time

4 = time at which diffusible material
entered the turbulent field

w = fime average of the product of
the turbulent velocity com-
ponent in the z direction and
the 2 direction

= time-average velocity in the 2

direction

U, = center velocity

v, = instantaneous velocity at time
¢ of a particle in the z direction

v,/ = instantaneous velocity at time

t’ of a particle in the z direction
vw,» = average of v, »,” for a large
number of particles
mean-square turbulent velocity
in the z direction
increment of volume
direction of average flow
2 root of Jo'(a,a) = 0
Yédx?/dt
eddy-diffusion coefficient
fluid viscosity
fluid density
Lagrangian time scale =
Jo° Rar
T, = Lagrangian time scale corrected

for effects of molecular transport

<
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